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‖y1y2‖ ≤ ln 2 + 2 ‖y1‖ + ‖y2‖ ∀y1, y2 ∈ HÑM�0¤Z���5£
〈a1a2〉 ≤ 〈a1〉 + 〈a2〉�����

〈b1 + a1b2〉
+ = ln+ |b1 + a1b2|∞ +

∑

p∈P

ln+ |b1 + a1b2|p

≤ ln 2 + ln+ |b1|∞ + ln+ |a1b2|∞ +
∑

p∈P

max{ln+ |b1|p , ln+ |a1b2|p}

≤ ln 2 + 〈b1〉
+ + 〈a1〉 + 〈b2〉

+ .
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Gy = {Gy
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Gy

k =
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g ∈ Aff(Q)|
∥
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∥

∥ ≤ k
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�
Gy

k

���
������£��p�©��£q	®�����³£
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=SP�W�= D�D k ∈ N q
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´��·£
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〈
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s

〉
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q = r
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〈r

s

〉+

=
〈

−
r

s

〉+

= ln s + (ln r − ln s)+

£
«��9�
〈q〉

2
≤ 〈q〉+ ≤ 〈q〉 .

)����p���0�v����¢��h	·�5�����5�h�����2£
«��a£
�!���_� {

G
(1,0)
k

}

=
�p���
� {

(a, b) ∈ Q∗ × Q : 〈a〉 + 〈b〉
+
≤ k

}

≤ 2e2k(2e2k + 1).
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∥
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∥

∥ =
∥
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∥
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∥
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£
�u£
«��6����������¤E�����5£�¢h���
‖·‖
��£
«��a£j¢��

E [‖(a1, b1)‖] =
∑

p∈P
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∣
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¥��©���©�p��£_�p�

£
«��9�s£�«���£w���h�
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��������� �s�����
xn = (a1, b1) · · · (an, bn) = (An, Zn)�4¢�£�«��
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��¢��

H
���!�9�!����¢h���+�����h	0���³£�«��

§¦�����9�����
	��9��¢���£
bnd(x)

£
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∣
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∣

∣

p
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−
∑n
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ln p ]
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n
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∣
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∣

∣
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∣

∣

∣
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∣
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∑
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∏
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¥�§¦�����������
	�¬�ÇT�5£
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∏
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∞
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x 7→ xn
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(B, ν)
¢h��£�«���²~��¢��������©§¦�����������
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ν
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�����
z ∈ B

−
1

n
ln Pz

n(xn) → 0 Pz(dx) −
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�p�h	

.
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‖·‖ q ^ Q�9�P
(B∗, ν∗)
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j�@BA	A�k q " ¢h���p� µ
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�a��£�«;�
¢�£j«����s¡9��¢¶£
�6�p��£��
����	�§�	®È uw�!�
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«��p�Á²]�
���¦����¢¶£
¢����¨�>�s��������«������
���h���³¤E���

P = P ∗ ����� ∥
∥x−1

n πn(Z∗
∞)
∥

∥

/

n
�s�����h�»�p����´��!�����u£
�¯��¢h�Å���
��§���§�¢h��¢�£q	��~�r¢h���p�

∑

p6∈P∗ φ−
p = 0
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(B∗, ν∗)

¢��6£
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z ∈

∏

p∈P Qp
�D�h�5£

z
P §9� £
«��©������°q�!�5£�¢h���¯���

∏

p∈P Qp
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πn(z) = πP
n (z) := πn(zP ).¹"¢�ª0���

ε > 0
�����'���p£

K =
∑

p6∈P φ−
p + ε

¬ " ¢����p�
〈Z∗

∞〉
+
P

¢���¡���¢�£����

P

[

xn ∈ G
πn(Z∗

∞
)

n·K

]

=

∫

B∗

Pz
n

[

G
πn(z)
n·K

]

ν∗(dz) → 1
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Pz

n
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G
πn(z)
n·K
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�³�2¤E���
ν∗ ¥������©���q£j���h� z ¬ÇT�p£

h
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Pz ¥M���h�©���r£��������6�h¢h� ¢�£2��¤ − lnPz
n(xn)/n

�¦�4«�¢h�_«��pª�¢��r£
�4¤E���
ν∗ ¥M���h�©���r£�����

z
���p�5���
��¢����u£��³È É6��¢����vË������9�0�p������¢h���p��£�«����r�p£

An = {g ∈ Aff(Q)| − h − ε < ln Pz
n(g)/n < −h + ε} .

�«��!�
Pz

n(An ∩ G
πn(z)
n·K )

�5����´��p�
���v�]£
���-���'�©����§�¥M�r�v¿����p���p�©���4«�¢h���
Pz

n(An ∩ G
πn(z)
n·K ) ≤ en(ε−h) �!���_� {Gπn(z)

n·K

}

≤ en(ε−h)eC·n·K .
�4«��!���

C
¢��0£�«��º�����
��� �p£��!�0��¤�£�«����5ª��¦�����!��£�¢����2���
�a��£�«Ù��¤�£�«������������!�

Gy ¬ �«����p�
C · K − h + ε ≥ 0

�����D�<�r¢h���5�
ε
�����j����§�¢¶£
�
����¢h��	0�_«������p�T�

h ≤ C ·
∑

p6∈P φ−
p .
Ïw�a�6���s�

�h�5£
P
���
�a�Ø£��

P ∗ �����+�s�6��§�£
��¢h�
h ≤ C · inf

P⊆P∗, ÃUÄ	Å ÆaÇ
∑

p6∈P

φ−
p = C ·

∑

p6∈P∗

φ−
p = 0.

�

È B�@�B�:DB � �¦B!z
É ïDï õ ð5ú[ÊÖÜ6`_WEdfklcvU�ïD` y klnlnlY_d x �9S�klnlkl\�\�UJï<YX[�VXUqWeYXn x `_c�{-Ë�`_[�WZU õ nlklU } RTS�U�We`_c�{�YXiÖ{�k é�UrWZUqc�oqU�U&Ì![�`
dfklYXc

Xn = AnXn−1 + Bn

klcwdfSvUGorWZk deklo�`_n�o�`_geU }�Í/Î3Î�Ï1Ð�ÑcÒ�ÓGÔ�ÓBÏ x�ô òUÕZè[ÖMë ó ú ç Þ ó ðXä x èrðXð5ú }É ïD�¦ð ô Ê ��S�klnlkl\�\�U6ï<YX[�VXUqWZYXn]`_c�{�×;klorY©�9klor`_We{ } ã deWekloMd�gedf`
dfklYXca`_WZk dùt0Y_^JVXUqc�UqWe`_nlklâqUr{³`_[vdfYXWZUqVXWeUqgegfk �5U\�WZYporUqgegfUqg }�Í/Î3Î�Ï�Ð�ÑcÒ�ÓGÔ�ÓBÏ x�ô åUÕ ó Ö�ëlè�ú!è ó Þ�è�ú_äXå x èrðXð ô }É ï<WeYKÊ ã `_We`�ï<WZY_é�UqWZklY } ��YXklgegfYXc y YX[vc�{a`_WEt'^�YXWj|�c�k dfUqn t0VXUqc�UqWf`
deUq{¯VXWZYX[�\�g�Y_^�Wf`
deklYXca`_n�`
b4c�k deklUqg }��WeUq\�WZklcpd }É ï<WeY5åXäBÊ ã `_We` ï<WeY_é�UqWZklY } ã \�UqUq{ Y_^�nlYpor`_nln tÐoqYXc5dfWe`_oMdfk �5U gZdfYpo�Sa`_gZdfklo�get!gedeUri4g }OÍ/Î3Î�Ï�Ð�ÑcÒ	ÓaÔ	Ó[Ï xävèTÕ ó ÖMë ô å ó å�Þ ô åXî5ú x�ô åXåXä }É Ý ö/Ø ð ó ÊoÙ } Ú } ÝD`_WZdùm;WZklVXSpd x�Ú } æ } ö `&Û Ülij`_c�Yr�vklofS x `_c�{ Ø } Ø YpUrgeg };Ý `_c�{�YXi¯mT`_nl�pg9YXcsdeS�UT`
b4cvU;VXWZYX[�\Y_^;nlYpo�`_n<|�Urnl{vgs`_c�{ Y_^"S�YXi4YXVXUqc�UqYX[�g�dfWZUqUqg }�Í/Î3Î�Ï�ÞZÎ3ßZàRÏ�á1ÒTâUÑVãºä[Ñiå&æ�Ñcä�ÎSÒ	Ó&ç äcè x¦óXó Õ ó Ö�ëlè ô_ó ä�Þè ôXçXçvx èrðXð ó }
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É Ù"UqW ç åBÊêé��5Uqg$Ù"UqWeWZklUqc�c�klo }�ë [vUrn¬Ìp[�Uqgj`_\�\�nlklor`
deklYXc�gj{�[�dfSUìrYXWcíqi4U-UqWZVXY!{�k¬Ìp[�U6geYX[�g z `_{v{�k dfk ^ } Ú c�î Ò;Î3ïð ä[Ñcä[ÎSñGäfÒ;Î-ò�ÔTÎSó;ÒTôöõ�ÔTç ÷Kß$å�øoç äZäKÓaÔ�ñVù;ú*û�ü	ýKüVè�åsá�Ñcä[ÎSñVùBè x �5YXnl[vi4Usú ó Y_^ Í�ßZà�þ[ÑVãvßVÿ[âUä x \a`_VXUqgè ç ä�Þ ô åvè x�ó } ã Y!o } Ü6`
deS } ÷aWe`_c�oqU x ��`_Weklg x èrð ç å }É Ù"UqW ç îBÊêé } Ù"UqWZWeklUqc�c�klo } õ cpdeWeYX\vklU x deShìqYXWcíri4Uqg9nlkli4k dfU9Uqd�ij`_WZo�S�Uqg9`_n¬ì�`
deYXklWZUrg } Ú c Ð�ÑaÒ�ÓGÔ�Ó&ãºç ãºà��oô�äGÔ;ßGâUÑcä[ßÒTÎ��;ÑcÒTâ��Sßaú�� ÞaÞcÞiå	�¨Óaä[Ñ�
Ò;ç ð Ô;ñVù�ú�û;ü��Vè x �5YXnl[vi4U-è ô èrå2Y_^�� äZñ[à�â	Ñcä���ÒTà�ä�ß�ãºÎ��8ÔTàºùhÏ x \a`_VXUqgô_ó è�Þ ôXç_ó } ã \vWeklc�VXUqW x ï<UqWenlklc x èrð ç î }É � nlk ç_ó Ê Ë�`_[vWeU � nlklU } ×AY�tp`_[��G\�Y_dfUqc5dfklUqnlg�`_gfgeY!oqk¬ìqg�`_[��Gij`_WZo�S�Uqg�`_n¬ìr`
deYXklWeUqg�gf[vW�nlUqg�Uqgf\a`_oqUqg�S�YXi4YXVTíqc�Uqg }ë [�Uqn¬Ìp[�UqgGU��vUqi4\�nlUqg~oqnlUM^hg"{�YXcpd~nlUJVXWZYX[�\�U4`
b4c�U } Ú c�� ùUþZÒTÑVãºä$ó;â��	Ò;à�ä[Î3à�ãºä[ç�å	��ÑVßVÔ��Bú/û;ü���Vè x�5YXnl[�i4UJèråXðXîsY_^�� äGñ[à�â	Ñaä���ÒTà�ä�ß(ãºÎ �8ÔTàºùhÏ x \a`_VXUqg ôXô ä�Þ ô îXå } ã \�WZklc�VXUqW x ï<UqWZnlklc x èrð ç_ó }É ÷a[�Wfú_äBÊ øA`_WeWEtw÷a[�WegZdfUqc y UrWZV } ï<YX[�c�{a`_WEtjdfSvUrYXWEt-`_c�{-gZdfYpo�Sa`_gZdfkloG\�WZYporUqgegfUqg"YXcwS�YXi4YXVXUqc�UqYX[�g;gf\a`_oqUqg }Ú c"! Ô;ÑVô�ÒTÎ3ãsñoÔTÎSÔ;ç �TßZãvß�ÒTÎ¼ùUÒTô�Ò#��ä[ÎSäGÒ;â	ß�ß��	Ô;ñZä[ß�åºÐ�ÑcÒ[ñBÏ%$&�Tô��	Ò;ßVÏ Ð�âUÑcä'�8ÔTàºùhÏ ú���ÒTç Ï)(�("��Þaúõªãvçºç ãsÔTô�ß î ÒTçvç¬Ï ú�õªãºçvç ãºÔTô�ßZà�Ò
!ÎUú*�-Ô;ßGß&Ï ú�û;üUý�+&è x \a`_VXUqg]èrðXä�Þ ôXô ð } æ"i4UqW } Ü6`
deS } ã Ypo } x �9WZY�� zkl{�Uqc�oqU x ÝG} Ú } x èrð5ú_ä }É ö `_k�ðvèVÊ Ú `_{�kli¼æ } ö `_klij`_c�Yr�vklo�S } ��YXklgfgeYXc y YX[�c�{a`_WZklUqg Y_^�Wf`_c�{vYXi¼mT`_nl�pguYXcº{vklgfoqWeUMdeU0geYXn �X` y nlUVXWZYX[�\�g } Ú c Ð�ÑcÒ�ÓGÔ�Ó�ãvç ãvà��Oô�äZÔTßZâ	Ñaä�ß8Ò;Î,�TÑaÒTâ-��ßcú�( å	�¨ÓGä[Ñ�
ÒTç ð Ô;ñ&ù;úlû;ü;ü�.Zè x \a`_VXUqg ô åXò�Þ ô ä ç }��nlUrcp[�i x ×AUMm]é9YXWe� x èrðXðvè }É ö `_k�åXåBÊ Ú `_{�kliÁæ } ö `_klij`_cvY��!klo�S } RTS�U��9YXklgfgeYXc©^hYXWZis[vn�`�^hYXWsVXWeYX[�\vg�mAk deS©S5tv\�UqW y YXnlklo-\�WeYX\�UqWEdfklUqg }Í/Î3Î�Ï�Ò ð �8ÔTàºùhÏ�å/+&è x èrò ô Õ�ä;Ö�ë îXòXð�Þ!îXð ôvx�ô åXåXå }É ö UqgMú_äBÊ øA`_WeWEt ö UqgedeUqc }	Ý `_cv{�YXiº{�k é�UqWeUqc�oqUAU�Ìp[a`
deklYXc�gT`_c�{�WZUqc�UMmT`_nadfSvUrYXWEt�^�YXW¦\�WZYp{�[�oMdfg¦Y_^�We`_c�{�YXiij`
deWekloqUqg }3Í*ñ[à�Ô0�8ÔTàºùhÏ x èrävèXë ô å5úrÞ ô_ó5çvx èrð5ú_ä }É ö ÚGç äBÊ Ú } æ } ö `&Û Ülij`_c�Yr�vklofSu`_cv{uæ } Ü } Ú UqWZgfS�kl� }NÝ `_c�{�YXiÙmT`_nl�pg]YXcu{�klgeoqWeUMdeU4VXWeYX[�\vg�ë y YX[�c�{a`_WEt`_c�{�UqcpdeWeYX\5t }�Í�Î3Î�Ï Ð�ÑcÒ�ÓGÔ�ÓBÏ x èXèTÕhä;ÖMë ó ò5úrÞ ó ðXå x èrð ç ä }É Ú UqWfú_ðBÊ Ø kli Ú UqWZ�_`X`
d }%1 c-`JgZdfYpo�Sa`_gZdfklo]{�k é�UqWeUqc�oqU�U&Ì![a`
deklYXc6`_c�{-`sWZUr\vWeUqgfUqc5d�`
deklYXc�Y_^�c�YXc�c�UqV5`
dek �5Uklcv|�c�k dfUqn tw{�k �!klgfk y nlUAWf`_cv{�YXi>�X`_WZk�` y nlUqg }SÍ*ó�2TÏ!ãvÎªÍ3��Sç¬Ï�Ð�ÑcÒ�ÓGÔ�ÓBÏ x èXèTÕ ó Ö�ë ú_òXå�Þvú ç ä x èrð5ú_ð }


